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ABSTRACT

Neutron stars are compact remnants formed at the endpoints of massive stellar evo-
lution and are characterized by extreme density, magnetic-field strength, and gravitational
environments. Magnetars constitute an important subclass distinguished by ultra-strong
magnetic fields. In the strong magnetic fields of magnetars, which are near or above
the quantum electrodynamics (QED) critical field, vacuum polarization and vacuum bire-
fringence can affect photon generation, emission, and propagation. X-ray polarimetry of
magnetars can therefore constrain models of surface emission and magnetospheric struc-
ture, while also providing a promising route for testing strong-field QED on macroscopic
scales.

Recent observations have revealed significant soft X-ray polarization from several
quiescent magnetars, including the intriguing 90° polarization angle (PA) swing as a
function of photon energy for some sources. We present a general semi-analytical frame-
work for calculating energy-dependent soft X-ray polarization signatures from magnetars,
consistently incorporating both QED vacuum resonance in the atmosphere and resonant
Compton scattering (RCS) in the magnetosphere. Starting from the polarized radiative
transfer equation for RCS and treating vacuum-resonance-induced mode conversion as
an input, we employ a first-order approximation in RCS optical depth to evaluate the
effects of magnetospheric plasma density (which depends on magnetic twist), drift veloc-
ity, temperature, and viewing geometry on the observed radiation. Our analysis reveals
that magnetic twist and plasma drift velocity are the critical parameters controlling the
impact of RCS on both the absolute polarization degree and its variation across the soft
X-ray spectrum. We find that sufficiently strong RCS can wash out the PA swing caused
by vacuum resonance. Furthermore, in addition to the QED vacuum resonance effect,
significant relativistic signatures arising from plasma drift velocity (By = 0.5) may in-
troduce an extra 90° PA swing in the spectrum. Our calculation framework, based on the
single-scattering approximation, bypasses the need for complex, multidimensional Monte
Carlo simulations, providing an analytical pathway for modeling full-surface emission
and rotational-phase-resolved radiation from magnetic neutron stars in support of current
and future X-ray polarization missions.

Key words: Neutron stars, Magnetars, X-ray polarization, Radiative transfer, Quantum

electrodynamics, Vacuum birefringence, Resonant Compton scattering
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1 Introduction

1.1 Foreword

Neutron stars are compact remnants formed in the final evolutionary stages of mas-
sive stars [1]. For stars with sufficiently large initial masses, usually M 2> 8 M., nuclear
burning can proceed through hydrogen and helium burning to the synthesis of heavier ele-
ments near the iron peak. Since iron-peak nuclei have among the largest binding energies
per nucleon, further fusion can no longer provide sufficient energy support. Once the core
loses pressure support, it undergoes gravitational collapse; the subsequent bounce, shock
propagation, and neutrino heating may lead to a core-collapse supernova. If the collapsed
core remains below the maximum mass of a stable neutron star, the remnant can become
a neutron star rather than a black hole. Neutron stars therefore connect stellar evolution,
supernova explosions, dense-matter physics, and gravitational-wave astrophysics.

A typical neutron star has mass M ~ 1-2M,, and radius R ~ 10-15 km, implying
mean densities comparable to or above nuclear density and a compactness for which
general-relativistic effects are essential. Neutron stars also possess rapid rotation and
strong magnetic fields. Their fast spin mainly follows from angular-momentum conserva-
tion during collapse [2, 3], while their magnetic fields may originate from magnetic-flux
conservation and turbulent dynamo amplification during formation [4, 5]. Surface mag-
netic fields range from 10''~10"® G in ordinary radio pulsars to 10'*~10'> G in magnetars,
with possibly stronger local fields. As a result, atmospheric emission, magnetospheric
plasma motion, radiative processes, and polarization propagation are all strongly shaped
by the magnetic-field geometry.

Based on their observational manifestations, neutron stars are divided into several re-
lated populations. The spin period and its time derivative provide an estimate of the dipole
surface magnetic field through the spin-down rate, helping distinguish different classes.
Radio pulsars are mainly powered by rotational-energy loss and observed through pe-
riodic nonthermal radio emission; accreting neutron stars in binaries radiate primarily
through the gravitational energy released by accretion; central compact objects, isolated
thermally emitting neutron stars, millisecond pulsars, and rotation-powered X-ray pul-

sars reflect different ages, field strengths, and evolutionary channels. Magnetars are dis-
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tinguished by persistent high-energy emission, bursts, and long-term activity that cannot
usually be powered by spin-down alone, but are instead attributed to the energy reservoir
and evolution of ultra-strong magnetic fields.

Magnetars are isolated neutron stars endowed with extremely strong magnetic fields
[6-9]. Their surface dipole magnetic fields inferred from spin-down measurements typi-
cally reach By, ~ 10'*~10" G. Historically, the magnetar subclasses of Soft Gamma Re-
peaters (SGRs) and Anomalous X-ray Pulsars (AXPs) were distinguished by their burst
behaviors, but both emit persistent soft X-rays (0.5-10 keV) in quiescence with typical

luminosities of Lx ~ 10%-10%¢ erg s~!

, much larger than their spin-down luminosities.
Their quiescent X-ray spectra are commonly described by a combination of a thermal
blackbody with kT ~ 0.5-1 keV and a non-thermal power law with photon index I" ~ 2—
4 [10]. They also emit hard X-rays extending to ~ 100 keV, indicating an active corona
surrounding magnetars [9]. Despite the rich phenomenology, the integrated X-ray spec-
trum alone is often inadequate to disentangle the degeneracy among different emission
mechanisms and magnetospheric physics. However, X-ray polarization measurements
can help break this degeneracy and provide constraints on various physical parameters
and magnetospheric structure [11-13].

The observed phenomenology of magnetars can generally be understood as the out-
come of the coupling among the internal ultra-strong magnetic field, the dense condensed
crust, and the external magnetosphere. Strong magnetic fields can store enormous elec-
tromagnetic energy inside neutron stars. As the magnetic field evolves slowly, stresses
may accumulate in the crust and lead to fractures or plastic deformation, i.e., starquakes,
thereby triggering short X-ray/soft gamma-ray bursts. Crustal displacement can also twist
magnetic field lines anchored on the surface and form a twisted magnetosphere with a
toroidal field component [see 14]. Meanwhile, charged particles flowing along magnetic
field lines in the twisted magnetosphere can interact with photons emitted from the sur-
face, modifying both the spectrum and polarization state of the surface radiation and con-
sequently affecting the final observed signal. Magnetar radiation is therefore not simply
blackbody emission from the surface, but rather the combined result of atmospheric emis-
sion, magnetospheric scattering, propagation geometry, and general-relativistic propaga-

tion.
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The ultra-strong magnetic-field environment of magnetars also makes them natural
laboratories for testing strong-field quantum electrodynamics (QED) effects on macro-
scopic scales. In classical electrodynamics, vacuum does not modify the propagation
properties of electromagnetic waves. In QED, however, high-energy photons can fluctu-
ate into virtual electron—positron pairs, and in the presence of a strong background mag-
netic field the interaction between the electromagnetic field and these virtual pairs polar-
izes the vacuum [15]. This vacuum polarization thus modifies photon propagation. As a
result, the vacuum in a strong magnetic field behaves as an effective birefringent medium,
a phenomenon known as vacuum birefringence. When the background magnetic field ap-
proaches or exceeds the quantum critical field By = m2c®/(eh) ~ 4.4 x 10"* G, vacuum
polarization can significantly alter the polarization eigenmodes and propagation phases of
photons. For terrestrial strong-field laser experiments, it is extremely difficult to achieve
both such field strengths and observable propagation lengths [16, 17]. Magnetar surfaces,
by contrast, naturally possess large-scale magnetic fields with B 2 By, thereby providing
a unique opportunity to test strong-field QED on macroscopic scales [18, 19].

In recent years, the Imaging X-ray Polarimetry Explorer (IXPE) mission [20] from
NASA has enabled polarimetry measurements in the 2-8 keV band, delivering high-
significance detections across multiple sources, including several magnetars. The IXPE
observations of magnetars have revealed two representative types of energy-dependent
polarization behavior in the soft X-ray band: one class [e.g., 4U 0142+61 in 21] exhibits
a sharp ~ 90° polarization angle (PA) swing at around 5 keV, while the other [e.g., IRXS
J170849.0-400910 in 22] maintains a nearly energy-independent constant polarization
angle.

The importance of X-ray polarimetric observations of magnetars lies in the fact that
polarization encodes not only the mode information at emission, but also the mode evolu-
tion experienced by photons as they propagate through a magnetized plasma modified by
quantum vacuum effects. Conventional spectral observations mainly measure the distri-
bution of total photon counts as a function of energy, while timing observations primarily
measure flux variations with rotational phase or burst evolution. Polarimetric observa-
tions provide two additional dimensions, the polarization degree and polarization angle,

and therefore offer a more direct way to distinguish different emission and propagation
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mechanisms and to test whether the polarization angle exhibits energy-dependent varia-
tions induced by QED vacuum resonance or magnetospheric propagation effects. Mag-
netar spectropolarimetry is thus both an important diagnostic of neutron-star radiation

models and a potential observational probe of strong-field QED on macroscopic scales.

1.2 The main content of this paper

To explain these spectral polarization features from IXPE results, current theoretical
efforts mainly focus on two physical mechanisms: emission from a condensed surface
[13, 21], followed by resonant Compton scattering (RCS) in the magnetosphere [11, 23],
and the mode conversion effect via vacuum resonance in the atmospheric plasma under
strong magnetic fields [24—27]. A condensed surface requires sufficiently low tempera-
ture and high surface binding energy, which remain uncertain [28-31]. RCS by charged
particles in a twisted magnetosphere can modify the emergent radiation spectrum and po-
larization profile. This process has been modeled in both semi-analytical 1D frameworks
[32] and multidimensional Monte Carlo simulations with detailed spectral fits [33-36],
and further extended to polarization predictions [11, 13, 23, 37].

Vacuum resonance, on the other hand, arises from the competition between plasma-
induced birefringence and vacuum birefringence due to quantum electrodynamics (QED)
in strong magnetic fields. When a photon crosses the resonant layer, it may undergo
adiabatic mode conversion, leading to a significant change in the polarization [24, 25, 38].
After leaving the atmosphere, the photon may experience significant RCS in the extended
magnetosphere or corona, leading to further modifications in polarization.

In the context of macroscopic tests of strong-field QED, vacuum resonance is of par-
ticular importance. Although the quantum correction to the dielectric tensor in the strong
magnetic fields of magnetars is small by itself, the eigenmode evolution of propagating
photons can be strongly affected when this correction cancels the plasma contribution and
produces a resonance [25, 38]. Vacuum resonance does not simply modify the radiation
intensity; instead, it can change the identity of the polarization eigenmodes near a specific
energy, appearing observationally as a sudden energy-dependent rotation of the polariza-
tion angle or a significant change in the polarization degree [for observational evidence,

see 21]. Meanwhile, the adiabatic evolution of photon eigenmodes with respect to the
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local magnetic-field direction tends to align polarization vectors from different regions of
the magnetosphere, rather than allowing them to cancel through random orientations, and
can therefore produce a significant nonzero net polarization [e.g., 39]. If such energy-
dependent polarization features can be connected to magnetar atmospheric parameters,
magnetic-field strength, and viewing geometry, they may provide astrophysical evidence
for vacuum birefringence and vacuum polarization on macroscopic scales. However,
magnetospheric RCS may also weaken, obscure, or reshape this QED signal, and the two
effects must therefore be treated together rather than studying vacuum resonance in the
surface atmosphere alone.

The theoretical description of photon production, propagation, and scattering re-
quires the language of radiative transfer. Radiative transfer describes how radiation inten-
sity evolves in space, direction, and frequency under the combined effects of absorption,
emission, scattering, and propagation geometry. In ordinary stellar atmospheres, radia-
tive transfer already requires one to treat the temperature structure, opacity, and angular
distribution. In neutron-star and magnetar environments, strong magnetic fields make
the medium anisotropic, and the two polarization eigenmodes of photons have different
opacities and scattering cross sections, further increasing the complexity of the problem.
Polarized radiative transfer must therefore track the mode-resolved intensity, polarization
degree, polarization angle, and conversions between different modes simultaneously.

Radiative transfer in magnetars also has an intrinsically multiscale character. Pho-
tons are first generated in a high-density, strong-field atmosphere or near a condensed
surface. They then pass through the vacuum-resonance region and may undergo adia-
batic or nonadiabatic conversion between the X and O modes [25, 26]. After leaving
the surface, photons may further experience resonant Compton scattering with electrons
moving along magnetic field lines in the magnetosphere. Each of these processes can
modify the spectrum and polarization, while the final observed signal is also affected by
the hot-spot location, viewing angle, rotational phase, light bending, and magnetospheric
geometry. A self-consistent and controlled model of magnetar polarization must therefore
incorporate surface emission, QED vacuum resonance, general-relativistic propagation,
and magnetospheric scattering within a single computational framework.

In this work, we present a general three-dimensional semi-analytical framework that
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unifies the treatment of vacuum resonance in the atmosphere and RCS in the magne-
tosphere, with the goal of obtaining the soft X-ray polarization of magnetic neutron
stars. To preserve the physical transparency and geometric modularity of our calcula-
tion without relying on full Monte Carlo simulations of radiative transport, we use the
single-scattering approximation. To focus on the key physics, we adopt simplified yet
testable idealized assumptions for the polarized surface emission, including the vacuum
resonance effect. The structure of this paper is as follows: Section 2 introduces the phys-
ical model and computational procedure; Section 3 presents the validation of our fiducial
model; Section 4 investigates the X-ray polarization signals for various physical parame-

ters; Section 5 provides the summary and outlook.

1.3 The significance of this work

The goal of this work is to construct a concise, self-consistent, and controlled semi-
analytical model for studying the polarization signatures of soft X-ray radiation from
magnetar surfaces, as well as the effects of QED vacuum resonance and magnetospheric
resonant Compton scattering on these signatures. The model is based on the single-
scattering approximation to the radiative transfer equation, avoiding complex multidi-
mensional Monte Carlo simulations while preserving physical transparency and control-
lability of individual effects. Within the parameter regime where the single-scattering
approximation is valid, this framework provides an analytical pathway for modeling the
spectra and polarization of X-ray radiation from magnetar surfaces, offers an intuitive the-
oretical picture for interpreting the magnetar X-ray spectropolarimetric behavior accumu-
lated by IXPE, and can support current and future X-ray polarimetric missions targeting
magnetars. The transparency and controllability of the model also allow us to separate
different physical mechanisms and their effects on the observed signal, thereby providing
a theoretical tool for studies of magnetar radiation mechanisms, magnetospheric struc-

ture, and strong-field QED effects.

1.4 Summary

This section has started from the background of stellar evolution, neutron-star for-

mation, and neutron-star classification, and has introduced the basic physical properties
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and observational phenomenology of magnetars. We have also clarified the importance
of X-ray polarimetric observations of magnetars, whose significance lies not only in test-
ing magnetar radiation models but also in probing QED effects on macroscopic scales.
We then reviewed the two main physical mechanisms currently used to interpret IXPE
observations, namely resonant Compton scattering in the magnetosphere and QED vac-
uum resonance in the atmosphere, as well as their effects on X-ray polarization. Finally,
this section has outlined the main content and significance of this work: to build a con-
cise and controlled semi-analytical physical model that unifies QED vacuum resonance
in the atmosphere and resonant Compton scattering in the magnetosphere within a single
computational framework, in order to study their effects on the X-ray spectropolarimetric

signatures of magnetars.
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2 Physical Framework

To model how resonant Compton scattering and QED vacuum resonance jointly
shape the X-ray polarization from magnetars, we distinguish the main physical processes
with their characteristic locations. This section presents our physical framework for the
global magnetosphere, polarized emission and propagation, RCS formalism, and compu-

tational workflow.

2.1 Global magnetosphere model

One of the key characteristics of magnetars is the presence of a highly twisted and
dynamically evolving toroidal magnetic field in a magnetar’s magnetosphere [14]. This
arises from the magnetic stress built up in the crust, which induces instabilities, leading
to displacement of surface elements and distortion of the magnetic field lines anchored
on them. Thompson et al. [14] present a general self-similar, force-free, globally twisted
magnetic field model that has been widely used in previous studies [e.g., 11, 33, 34].
In this model, solving the force-free condition (V x B) x B = 0 outside an axisymmet-
ric sphere yields a sequence of globally twisted self-similar magnetic-field solutions that
forms a one-parameter family. In spherical coordinates (r, 0, ¢ ), the magnetic-field solu-

tion can be written as

24p
B(r.0) = % (g) F(cos0), @-1)

where B, is the surface polar dipole field strength, R is the magnetar radius, and p is a
non-dimensional parameter that controls the twisting of the magnetic field. The spherical

components of the vector F can be expressed in terms of the function f(cos6):

(2-2)

F= <—f/(cos 6),pf(cose) pC(p) le/”) |

sin@ '\ p+1 sin@

where C(p) is a constant that depends only on p. The function f(cos@) satisfies the

following Grad-Shafranov equation:

sin? 9f”—|—Cf1+2/p +p(p+1)f=0, (2-3)
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with the boundary conditions f'(0) =0, f'(1) = —2, and f(1) = 0. In addition, the degree
of magnetospheric twist can also be characterized by the global twist angle A¢, defined
as the azimuthal angle swept by a magnetic field line from the magnetic north pole to the
south pole:

/2By dO
A¢ =2 lim - 7
60—0Jg, BgsinO

(2-4)

For the purposes of this work, we adopt a simple parametrized model in which a

toroidal component proportional to the poloidal field is added, i.e.,

r

B(r) = 2 (13) 7 (20080,5in0, &, 5in 6), (2-5)

where the parameter &; quantifies the global twist (hence the current distribution). This
choice is not strictly force-free, but it captures a quasi-static configuration adequate for
our semi-analytic treatment.

We assume that the magnetospheric plasma consists of a single charge species and
that the ions are stationary. It should also be noted that kinetic modeling of external
currents in magnetars [40—43] suggests that the real magnetospheric plasma may be a
denser electron—positron pair plasma (see Section 5 for further discussion). Given B,
from Maxwell’s equation V x B =4x/cj = 4n/c(—n.ev,), the spatial distribution of
current-carrying electrons along the closed field lines in the NS frame is prescribed as

[14, 34, 37] 1

el i) = PV -6

where B = |B(r)|. We denote by B, € (—1,1) the electron velocity (normalized by c)
along the field lines, and By = |(f.)| is the mean drift speed.

To determine the full phase-space distribution, we assume a one-dimensional, rela-

tivistic, thermal (Maxwell-Jiittner) velocity distribution along the field line, boosted by

Bo [see also 34, 44]. Starting from the standard Maxwell-Jiittner distribution in the rest

frame, the normalized 1D velocity distribution function can be expressed as

Ysexp(_%/®e>
2K,(1/0,)

Jo (ﬁe) dBe - dﬁea (2-7)

10
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where ©, = kT, / m,c? and K; is the modified Bessel function, which can be calculated as
Ki(z) =z / e ¥ (> —1)"2dr. (2-8)
1

Eq. (2-7) describes the electron velocity distribution in the reference frame moving

along the magnetic field lines with mean drift speed ). When transforming this dis-

tribution function to the neutron-star frame, the velocity transformation satisfies ﬁe(rm) =

(Be—Bo)/(1—B.Bo). Using the Lorentz invariance of the probability element, the velocity
distribution function in the neutron-star frame, fi(f,) = fo(B:)dB:*/dB., is obtained

e

as

1Y, (1= Befo) exp(=7'/O.)
2K,(1/©,)

fl (ﬁe) dBe = dBea (2'9)

with ¥/ = 1.%(1 — B.Bo). This boosting captures the net drift from the magnetic north
to south. We assume that the magnetospheric temperature 7, is uniform, and treat 7,

and f as free parameters. Overall, our magnetosphere model is characterized by three

parameters: (&, Bo, To).

2.2 Seed polarized radiation and propagation
2.2.1 QED vacuum birefringence

Quantum electrodynamics shows that in environments above the quantum critical
field B = 4.4 x 10" G near magnetar surfaces, vacuum polarization can have a non-
negligible influence on the dielectric properties of the vacuum [e.g., 15, 45, 46]. From
the perspective of quantum field theory, when the one-loop QED correction is added to
the electromagnetic-field Lagrangian, the effective electromagnetic Lagrangian can be
written as L = Ly + L} [46]. In terms of the Lorentz invariants of the electromagnetic
field

[=F, F* =2(|B]’—|E]%) (2-10)

and 5
1
K= (Es’lp“VF;LpFHO = —(4E-B)?, (2-11)

11
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the unperturbed electromagnetic Lagrangian and the one-loop QED correction in the

weak-field limit are given by [47]

1
oC():—ZI,
2-12)
21 /1 7 1/ 13 1 (
Li=E3— | == —=—=K)+—(—KlI——P |-
T e Eg<180 720 )+Eg (5040 630) ]

where Bq = Eq = m2c® /eh ~ 4.4 x 10" G. Defining the dimensionless parameter & =
E&l /2 to characterize the field strength, and adopting the small-K expansion of the
Lagrangian correction derived by Heyl et al. [48],

L] K? 0%.L
Ly =L1(1,0) +K — — . 2-13
1 1(7 )+ 0K K:0+ 7 K2 K:0+ ) ( )
the first two terms of this expansion are
2] 1
oC](I,O)_e——XO i I
hc?2 g
5 (2-14)
8051 . e 1 X 1
OK |y hcl6l"'\ &)’

where the dimensionless functions X, and X; are defined as follows [46]:

x/2—1 1 1
Xo(x) :4/0 In(C(v+1))dv-+ 3 In (}) +2In4m — (41nA—|—§ln2)

X 4 2 X
2 21
K= 200 )+ - 2L

with InA ~ —0.2488.
When the vacuum is treated as a polarizable medium, the macroscopic effective

fields can be written, according to Heaviside-Lorentz electromagnetic medium theory, as

oL oL oL s
D=-"=E+P, H=——=B-M, P=—0 M=—_ (2-16)

Given dielectric tensor € and the inverse permeability tensor p’, which are respectively

12
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defined by
D;=¢;E;, H;=uBj, (2-17)

solving the above macroscopic field equations and substituting the definitions of / and K

gives
8,‘]' :8,7'—4%8,7—32%B,‘Bj,
af’ 5t (2-18)
/ 1 1
Wi; =0; — 81 ——&,;+32 aKEE].

Substituting the expansion of £ under the weak-field approximation yields the approxi-

mate expressions for € and ', a result also given by Klein et al. [49]:

1 a
Eij :6,'j+ H—z [2<E2 —Bz>5,'j+7B,-Bj} ,

| o (2-19)
u;; —6,,+45 [2(E2—BZ)6,.,—7E,~E]},

where o = ¢*/hc ~ 1/137 is the fine-structure constant. Near magnetar surfaces, the
electric field is usually much smaller than the magnetic field, so the contribution from the

E? terms can be neglected, yielding the following simplified expressions [11]:

e=11+s<v>=(1+a)11+q1§1§

(2-20)
u =T+u" = (1+a)l+mBB.
The coefficients g, m,a are approximately a = —28,9 = 76,m = —40, where 6 is given
by
o (B’ B \’
=—|—) ~3x107" : 2-21
a5 (BQ> 8 (1014 G) 2-21)

Thus, the weak-field approximation remains valid throughout the regions relevant to mag-

netar radiation generation and propagation.

2.2.2 Surface emission model from vacuum resonance

The bulk of the 2—-8 keV photons probed by IXPE originate from the magnetar sur-
face. To model the spectrum and polarization of the surface emission, it is necessary to
construct self-consistent magnetic NS atmosphere models that take QED effects into ac-

count [e.g., 18, 25, 37, 50-52]. Here we summarize the key features of this emission [see

13
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also 26].

X-ray photons (with E = ho < Eg = iy = heB/m,c = 1158B, keV) propagating
in the magnetized NS atmospheric plasma have two polarization modes: the ordinary
mode (O-mode) is mostly polarized parallel to the k — B plane, while the extraordinary
mode (X-mode) is perpendicular to it, where k is the photon wave vector and B is the
external magnetic field. The two modes have very different absorption and scattering
opacities, with Kx_mode ~ U, ' Ko_mode» Where u, = (wp/®)* > 1. Thus, the two modes
have very different photosphere densities, with Px_mode > Po-mode, and the emergent
radiation from the NS surface is dominated by the X-mode.

However, the effect of vacuum polarization can change the above picture signifi-
cantly. In particular, the “competition” between QED-induced vacuum birefringence and
plasma-induced birefringence gives rise to a vacuum resonance; for a photon of energy

E, this occurs at the density
py ~0.964Y, "B} Ei f 2 gcm ™, (2-22)

where Y, = (Z/A) is the electron fraction, E; = E/(1 keV), and f = f(B) is a slowly
varying function of B and is of order unity.

For p 2 py (where the plasma effect dominates the dielectric tensor) and p < py
(where vacuum polarization dominates), the photon modes (for typical 6xg # 0) are al-
most linearly polarized, i.e., the linear X-mode and O-mode; at p = py, however, the
normal modes become circularly polarized. The importance of this vacuum resonance
lies in the mode-conversion phenomenon [24, 25]: an X-mode photon emerging from
its photosphere (at px_mode) and propagating outward can convert to the O-mode at py,

provided that its energy satisfies

| 1/3
E > Ey=252(f tan05)"" ( ;m) keV, (2-23)
p

where H, = |ds/dInp| is the density scale height (evaluated at p = py) along the ray.

14
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According to the derivation in [25], the mode conversion probability can be calculated as

E 3
Pconvzl_Ple_eXp[_E( )

2-24
> \E, (2-24)

A low-energy (E < E,q) photon would not experience this conversion.

In typical magnetar atmospheres, Px_mode > Py 18 always satisfied. Depending on
the relative locations of the O-mode photosphere and vacuum resonance, the X-ray polar-
ization signatures are qualitatively different. Assuming a fully ionized atmosphere (with

ion charge Ze and mass Am,,), Lai [26] finds the ratio

pV/pO—mode = (B/Bov)za (2'25)
with
Hgrcosx v f
Boy =7.8x10" < — ) G, (2-26)
ZgEl S1n OkB TGI/S

where 4 = A/(1+Z) is the “molecular” weight, g, is the surface gravity in units of
2x 10" cm s72, Ty is the surface temperature in units of 10° K, and ¢ = 1 —exp(—E /kT).

Ilustrations of different spectral behaviors of polarized soft X-rays from magnetars
with different magnetic-field strengths are shown in Figures 2-1 and 2-2. For magnetars
with surface magnetic fields satisfying B < Bgy, the vacuum resonance lies at a lower
density than po_moqe; the emergent radiation is dominated by the X-mode for E < E,4 and
by the O-mode for E 2 E,q, i.e., there is a 90° rotation of the polarization angle between
E < E,and E 2 E,4. On the other hand, for B 2 Boy, the vacuum resonance lies between
PO—mode aNd Px_mode, and the emergent radiation from the surface is dominated by the X-
mode for all values of E.

Quantitative calculations of the atmospheric emission (spectrum and polarization)
are fully described in previous works [e.g., 18, 26, 50]. In this paper, since our focus is
on the effect of magnetospheric scattering, we adopt a simple prescription for the surface

emission. For a given spot (located at the polar angles 6, ¢;) with temperature 7;, the
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O-mode X-mode

X-mode o'"??de (-)-mode  (+)-mode
> <= D
Pv Pv
> ® T
—2 Po --- Po
—o P+
Px! — p——
Px---&-- px"éi
X-mode O-mode X-mode O-mode
FE 5 Ead E z Ead

Figure 2-1 Schematic illustration of how vacuum resonance affects the polarization angle of
observed polarized X-rays from a magnetar with surface dipole field B < Boy. The resonance
layer lies above both the X-mode and O-mode photospheres. For E < F,q4, photons evolve
non-adiabatically across the resonant layer; thus, the emergent radiation is X-mode-dominated.
For E 2 E,q, mode conversion is efficient across the resonant layer; thus, the emergent
radiation is O-mode-dominated.

O-mode X-mode

X-mode 0-mode (-)-mode  (+)-mode
A ﬂ‘ a
® T
——2p0 p— —
% = Po g
pv Py —5
G < ® 5>
Px!' —%—
P Py
X-modg O-mode X-mode O-mode
E 5 Ead E z Ead

Figure 2-2 Same as Figure 2-1, but with a surface dipole field B = Boy. The resonant layer lies
between the X-mode and O-mode photospheres. In this regime, the emergent radiation is
always dominated by the X-mode for all values of E.
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total radiative intensity (in the stellar frame) is given by

w' o’
exp(hw/kT,) — 1’

15 (Q) = 1,(Q) + I(Q) o (2-27)
where L is the (stellar-frame) cosine between the emission direction ((AZ) and the local
magnetic field, and a > 1 is a beaming parameter (we adopt a = 1 for isotropic emission).
As discussed above, for B < Bgy, the X-ray polarization degree is set to 1 at lower ener-
gies (i.e., X-mode-dominated) and to —1 at higher energies (i.e., O-mode-dominated) by
comparing E with E,4, using a smoothed transition (e.g., a Fermi—Dirac-type switch). For
the numerical calculations in this work, the fractions of the X- and O-mode components,

fx and fo, are given by

ho -
foz{1+exp {—6(——4.0)}} ,

1 keV (2.28)
w

el )]}

2.2.3 General-relativistic effects

To describe photon propagation from the NS surface to the scattering region,
general-relativistic effects must be considered. For typical magnetar spin periods
P =2m/Q = 2-12 s, rotational frame-dragging is negligible: (RQ/c)* < 4 x 107 8R2P;2
[11]. Thus, the Schwarzschild metric suffices.

Key GR effects include gravitational redshift and light bending. As photons travel
to = 10R where resonant scattering occurs (see below), the metric at the scattering point
is almost flat, with GM/(10Rc?) < 1. For redshift, since the photon occupation num-
ber 11(w) o< I,,/®* is Lorentz invariant, under the redshift @ — go where g = [1 —
2GM /(Rc?)] "2 the intensity transforms as I, — g°1,,.

We treat the light-bending effect using the mapping between local emission angle o
and asymptotic angle ¥ as in [53], which is accurate for R > 4GM /c* (see Figure 2-3).

The approximate relation is given by

l—cosoc:(l—cosy/)( ——>, (2-29)
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v i

Figure 2-3 Illustration of a photon trajectory, emission angle ¢, and asymptotic angle y. The
emission spot is denoted by “E” in the figure. The emission angle is the angle between the initial
photon propagation direction and the surface normal. The asymptotic angle y denotes the
angle between the photon propagation direction at a very large distance and the surface normal
at the emission spot.

where r, = 2GM /c? is the gravitational radius. When treating the radiative transfer of
photons in the magnetosphere, Eq. (2-29) serves as a transformation for the “effective

projection” of the emission hot-spot area due to GR light bending.

2.3 Resonant Compton scattering formalism

In the outer magnetosphere, photons are scattered by electrons mainly through RCS.
For a magnetar with dipole field B, and twist parameter &; (see Eq. (2-5)), RCS occurs at

the radius (neglecting the motion of electrons; see below)

B 1/3 E ~1/3
rSC:10.5R<1014pG) (lkeV> F(9), (2-30)

where F(0) = (1 — % sin’ 9) Ve, Given that the Landau level lifetime of gyrating electrons
is much shorter than the cyclotron period [11], 7, = (3/4)(%/[am.c?])(Bq/B)* ~ 3 x
10‘1431’12 s, electrons can be assumed to remain in the ground state, rendering individual
scattering events effectively elastic in the electron rest frame (ERF). We neglect non-

resonant scattering and recoil in this work.

2.3.1 Cross sections

In the Thomson limit, the non-relativistic RCS cross sections were first derived by

Ventura [54] [see also Chapter 4 of 55]. We denote the unit vector along the propagation
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-~

direction by Q, and the polarization states by a € {1,2} = {O,X}. In the ERF, the

differential cross section takes the form [e.g., 34]:

dG (ERF) 62 /
— = o(w— 2-31
(dQ)aﬁl_)ﬁﬁ (meC) Otﬁ (0) wB)? ( )

where @ = E /1 is the photon frequency, @z = eB/m,c is the electron cyclotron frequency,

and the coefficients K, are

N2 sl N2
= (38)' (a8)
o N\ 2
K{zz%’r(QﬂB) ,
A ) 2 (2-32)
3
K,==.
22 8

Note that all coefficients involving dot products of unit vectors should be calculated in
the ERF, so they are all related to the variable f3,. Specifically, all coefficients contain
factors of the form cos? Oy, where ;5 denotes the angle between the photon propagation
direction k and the magnetic-field direction B. Due to the relativistic transformation, the
projection factors in the NS frame and in the ERF satisfy

2 Q(NS)
COS kB

2 /(ERF) __ COoSs
O =

NS
1 — B2+ B?cos? 9,((3 )

When transforming to the stellar frame, relativistic beaming also modifies the dif-

d_G (NS) B d_G (ERF)- dQeer
dQ —\dQ dQns

1 dG (ERF)
"R =) (d_sz> ’

ferential cross section:

(2-34)
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where U = QB is measured in the NS frame, and the delta function must also transform

1
S(w— )™ 5 ——— _§(w—wp)™, (2-35)
( B) %(1_Be“) ( D)

with @p = @g/[Y.(1 — B.1)] to match the resonant condition in the ERF while preserving

the normalization of the delta function. We denote the differential cross section in the

d (NS) 2
(ﬁ) - (njc) Kap (0 — wp) (2-36)

ady —po

stellar frame as

with Kep = Kpp/[7(1 — B.u)]?. The scattering radius for a photon of frequency @ can
be determined by solving the resonance condition @ = @p for a given emission direction
and magnetosphere parameters. For the non-relativistic cases with a dipole field, solving
o = wp >~ wp yields Eq. (2-30).

In the ERF, integrating (2-31) over scattered directions and summing over 3 gives
the total cross section Ga(ﬁ, B.) for photons of mode o propagating along ﬁ, which is

also Lorentz-invariant:

2 2,2 , 0 N2
o= ne (Q-B) o(w— wp),
et (2-37)
2mwe
= o(o— wg).
m,c

Using the estimate ¢ ~ (7%¢*/m,c) 8(® — wg) and Eq. (2-6) for n,, we obtain the char-

acteristic optical depth across the resonant layer [see also 14]:

-1 N 7'(,'51.
4o

dB

ds

né. B

4ﬁ0 Tse

To(ﬁ) = /dsnec ~ (2-38)

is of order unity, where ds is integrated across the RCS layer along Q and |%‘ =
(Q-V)B ~ B/ry is the directional derivative of B along the photon path, both measured
in the NS frame.

We note that the optical depth is independent of energy. For a specific polarization

mode &, the corresponding optical depth is

T,(Q) = /dsdﬁenefl (B.)(1 = Bot) O, (2-39)
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where the factor (1 — B, ut) reflects the encounter rate between photons and electrons due
to their relative motion in the NS frame. Note that the estimated 7, ~ 1 indicates that

each emergent photon is expected to be scattered once on average in the magnetosphere.

2.3.2 Polarized radiative transfer in magnetosphere

Adiabatic polarization evolution during propagation. After a photon leaves the NS
surface, it propagates in the magnetosphere, whose dielectric property is dominated by
vacuum polarization [56]. At small radii, the photon’s polarization state evolves adia-
batically following the varying magnetic field it experiences, such that the specific mode
intensity is constant (except for the GR corrections discussed in Section 2.2.3) !. To illus-
trate this physical property, we begin with the wave equation of an electromagnetic wave
with a given frequency:

Vx(,u’-VxE):i)—js-E. (2-40)
Assuming that the medium is only weakly anisotropic so that the propagation trajectory of
the electromagnetic wave is not significantly deflected, we further assume a plane-wave
solution of the form E = Ey(z)e ' = A(z)e!®0=®") where A(z) is the photon polarization
vector. Under appropriate approximations, the above equation can be reduced to the

simpler form

dA, kS
_ 0% 14+ PA,
dA,  iked
—2 =" IPA,+NA (2-41)
dZ 2 [ + y]7
£ £
A =—=p g
£ZZ SZZ

'An exception occurs when the photon encounters the quasi-tangential (QT) point, where the photon
momentum is nearly aligned with the local magnetic field. The X-ray polarization may change significantly
when the photon passes through the QT region [57]. Since only a small fraction of the NS surface radiation
is affected by the quasi-tangential propagation, we shall neglect this effect in this paper.
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In the above equations, the dimensionless parameters M, N, P depend on the components

of the permeability tensor and the direction vector of the external magnetic field [23]:

2 2 n2n2
(7Bx +4By)nu'/xx - ]‘35/\BXBy
W oMy, — 166°BIB;
(4B>+ 7B, — 128 B2B>
N=-—"—"2— =2 (2-42)
Wby, — 166°BIB;
[3nu/xx - 46(73\5 + 4B\Zx)]BxBy
W', —1652B2B?

Under the weak-field approximation, QED effects modify the polarization vector of an
electromagnetic wave propagating in vacuum. The characteristic propagation length scale

over which significant evolution occurs is

2 B \*/ E \
- T 130 24
b= e =130 <1011 G) (1 keV) cm (2-43)

Meanwhile, in a dipole field, the spatial scale over which the magnetic-field strength

varies significantly is

5 1. (2-44)

g: =
7 F-VB] 3

Near the stellar surface, ¢; < ¢,, and the wave-vector evolution is in the adiabatic regime:
the photon always evolves with the local magnetic-field direction as its polarization ref-
erence direction and preserves its polarization state along the trajectory until resonant
Compton scattering occurs at . in the magnetosphere. After being scattered there, the
photon continues to propagate. Far from the star, ¢, > ¢,, which corresponds to the
regime in which the photon polarization state in the stellar frame no longer follows the
local magnetic field on the magnetic-field variation scale. There is a transition region
between ‘“adiabatic evolution of the photon polarization vector along the magnetic-field
direction” and “decoupling of the polarization from the magnetic field”. We use ¢; ~ ¢, to
determine the corresponding magnetar radius scale rp, namely the polarization-limiting

radius; beyond this radius, the photon polarization vector decouples from the magnetic
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field. The value of r, can be estimated as

B 250 NS £ R\
—4. P R. 2.4
o =48 (1011 G) (1 keV) (10 km) (2-45)

For typical magnetar parameters, the polarization-limiting radius is approximately 2

100R. For all rays emitted from a magnetar and reaching the observer, although they
have some transverse separation, they can be approximately regarded as experiencing the
same uniform magnetic-field environment when they arrive at the polarization-limiting
radius. The corresponding polarization vectors can therefore be added nearly collinearly,
rather than canceling because of random orientations, thereby increasing the polarization
degree of the final observed signal. Based on this mechanism, the very high linear po-
larization degrees in recently accumulated IXPE data are usually regarded as important

observational evidence for QED vacuum polarization effects [e.g., 58, 59].

Radiative transfer during the scattering process. Near the RCS layer, the transfer
equation for polarized intensity Ig(ﬁ) = Iﬁj(ﬁ, ry.) (Where the r. dependence highlights
the dependence on the scattering location) of mode & and frequency  is given by (in the
NS frame)

(6V)15(@) = - [ aBenefi(B)(1 = Bopt) 0@, BIE(D)
 /do \ ™
+ Y [ B § a0 n fi(B) (1~ Bt 1, (@) (E) L (4
B BY —al

where p1} = &' - B is measured in the NS frame, 1 = n(B,,B,Q,Q) = (1—B2)/[ (1 -
Becos6;)(1+ B.cosB;) | is the Doppler-shift factor linking the incident (n®) and scat-
tered (@) frequencies, cos 6; = Q' B and cos 0; = Q- B are calculated in the NS frame and
EREF, respectively, and the 1~ factor represents the Doppler intensity rescaling through
scattering (i.e., Comptonization). Note also that the factors (1 — B.u) and (1 — 1) in

Eq. (2-46) reflect the encounter rate due to relative motion.
We denote the position vector of a small emission patch on the NS surface by Rﬁs
and the position vector of the scattering location by ry. = rscﬁo. Then the incoming di-

rection vector can be calculated as Q' — (rscﬁo — Rﬁy) / |rscﬁ0 — Rﬁx|. The first term
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on the RHS of Eq. (2-46) represents the attenuation of the incoming intensity along ﬁ,
and the second term represents the scattered-in contribution. For non-relativistic elec-
trons (B, < 1), given the narrowness of the resonance, the scattering occurs on a thin
surface. For single scattering, Eq. (2-46) can be solved to yield the relationship between

the incoming (before RCS) intensity /7 ;, and the outgoing (after RCS) intensity /;

, out

I (@) = Iy (@) + 150 (Q). (2-47)
The first term is the attenuated incoming intensity that propagates along Q:

Ig (Q) =18, (Q) exp (—1a) , (2-48)

where 7, (Q ) JdsdB.n.fi(B.)(1 — Bept)0y. The second term in Eq. (2-47) represents

the scattered-in part, which is given by

) [ asap. fan.si(8

~ do (NS)
X (1 _ﬁfnu') 7’[1[7560 m(Q) (@)

BY—al

(2-49)

In Eq. (2-49), the integration over ds can be simplified using the delta function in the

cross section, and the integration over dQ’ for a given scattering site ry. can be written as

foref 2

I — RQS

—
M(a (8.9), (2-50)

rSC

where dA; = ﬁdiS is the surface-element vector of the emission spot on the NS surface
~ ~/

(see Figure 2-4). Note that we have included a Heaviside function ® (QS-Q ) to ensure

that only photons emitted outward from the surface are accounted for. Substituting the

expression of n, and (do /dQ’) with the simplifications above, Eq. (2-49) can be rewritten
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PRI (2.5) ®<§ °) Z [ 4B (B~ B

4;: I'SC RQS

where Kpq(Q — Q) is given by Eq. (2-36). Eqgs. (2-47), (2-48), and (2-51) give the total

outgoing intensity after one scattering. We expect that the single-scattering approxima-

(2-51)
B

rSC

xn 1P (Q) Ko (Q — Q)—

n®,in

tion is valid when 7, < 1. We may still apply it for the 7, = 1 cases to show qualitative
physical trends. Higher-order solutions can be obtained perturbatively, analogous to those
in [32], where an analytical solution for the one-dimensional case is given.

To calculate the factor [0/ds [B/%,(1 — B.pu)]| " in Eq. (2-51), we should use the

product rule for differentiation:

8 [ B } 1 JdB B. d ~ A
— 4+ —————(Q"-B), (2-52)
V(1= B) | ~ (1= Bot) 95 ' 01— B 5!
the first term involving dB/ds can be calculated with ease. To derive d/ds (Q-B) in the
second term, we begin by calculating the directional derivative in a spherical coordinate

system:

o _g5.6.0 Q¢ 0

"5 36, " sin6, 99y’ (2-53)

where 6, @ represent the spherical coordinates. Since Q and B are known according to

the physical setup, in the Cartesian coordinates shown in Figure 2-4 (see below), we have

Q = (0,sin6,cos H) (2-54)
and .
B= DL (3 cos By sin By cos ¢y — By sin B sin @y,
T
3 cos 6y sin B, sin @y + B sin 6y cos @y, (2-55)
3cos” 6y — 1).
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By substituting the equations above and the expression for the unit vectors 6o, ¢ into
Eq. (2-53), we are finally able to obtain the correct expression for the directional deriva-
tive factor |d/ds [B/7v.(1 — B.u)]|-

After RCS, an outgoing photon continues to propagate in the magnetosphere, with
its polarization state evolving adiabatically, i.e., Ig(ﬁ) = constant. Eventually, the pho-
ton reaches the “polarization-limiting radius” ry, beyond which the polarization state is
frozen. The value of r,) depends on the photon energy E, the dipole field strength B, and
the magnetar rotation rate, and generally ry; /R 2 100 [18]. Since rp > ry, regardless of
the structure and shape of the RCS layer, the radiation emerging from the layer with mode
intensities I;; evolves adiabatically in the magnetosphere such that the radiation at r > ry,
consists of approximately the same X-mode and O-mode intensities as those emerging

from the RCS layer, with a small mixture of circular polarization generated around ry,.

See [26] for more details.

2.4 Computational workflow

In our magnetar radiation model, different physical processes are separated cleanly
by their characteristic radial scales: emission near the surface, propagation and scattering
through the magnetosphere, and polarization evolution from the scattering layer to the

polarization-limiting radius. Our calculations are divided into three steps:

1. Emission near the surface under vacuum resonance: Near the neutron star surface
and atmosphere, the dominant process is polarized X-ray emission influenced by
QED vacuum resonance. This region has been extensively studied [e.g., 18, 26, 27],
allowing us to directly adopt previously computed emissivity profiles as input. In
this work, we use a simplified prescription for the surface emission, as described in

Section 2.2.2.

2. Adiabatic propagation from the surface and RCS: As discussed, resonant scatter-
ing occurs at ~ 10R. After emission from the NS surface, the photon polariza-
tion evolves adiabatically following the magnetic field and propagates solely under
gravitational effects until scattering. Light bending is handled using the method of
[53]. Specifically, the light-bending mapping between local emission angle o and
asymptotic angle y corresponds to a mapping between <§S§/> at the RCS layer
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Figure 2-4 Schematic illustration of the radiative transfer with resonant Compton scattering
and the computation of the observed polarization flux. The surface element of the NS is
dA; = Q,dA;. The scattering surface element (located atrse = rseQsc) is denoted by dA. The
scattered radiation propagates along the direction Q ~ Q,, and the incident radiation (before
scattering) propagates along Q' = (rscQo — RQy)/|rseQo — RQ;|. The magnetic axis of the
magnetar is along the z-axis, and ﬁobs is in the yz plane, with the angle between ﬁobs and the

z-axis being 6.

and that at the NS surface, which is used in Eq. (2-51). Note that the dot product

in Eq. (2-51) represents the cosine of the asymptotic angle after light bending. We

shall see later that this mapping is also applied in calculating the flux contribution

of 13,‘53, where a similar dot product also appears.

3. Continuing adiabatic propagation to large distances where polarization freezes:

After scattering, the polarization continues to evolve adiabatically until the photon

reaches the polarization-limiting radius (> ry.), where the polarization freezes and

aligns coherently, yielding the observable net polarization. The observed flux is

computed by integrating the contributions from all locations on the scattering sur-

face. Specifically, we integrate the mode-resolved intensity I, , ((AZ, rsc(ﬁo)) over

the outer surface of the scattering layer.

Figure 2-4 illustrates the geometric framework for our calculations of the magnetar

X-ray radiation. Panel (a) defines the geometry: we set up a Cartesian coordinate system

with the magnetic axis along the z-axis, and the observer’s line of sight (LOS) is in the yz
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plane at angle 0 from the z-axis. The radiation source (position vector RSAZS) is located at
(6, @) on the NS surface. The location on the scattering surface is denoted by ry. = rscﬁo.
The direction of the incoming photon is Q. and that of the scattered photon is m. Two
photon populations contribute to the observed flux, as discussed in Section 2.3.2 and

illustrated in Figure 2-4:

* Attenuation term 13,‘(53(?2) — photons emitted directly toward the observer, attenu-

ated by scattering;

* Scattered-in term 12,‘(5{1? ((AZ) — photons from all other directions scattered into the

LOS.
Panel (b) of Figure 2-4 shows how scattered rays reach the observer. Ignoring stellar
surface occultation, the total polarized flux in mode « is given by

FE— e 4 gom / 180u(©@) (8- 0. dO2. (2-56)

Since the rays reaching the observer from different locations on the scattering surface
are nearly parallel, we have ((AZ . ﬁobs) = 1. Substituting Eqgs. (2-47), (2-48), and (2-51)
into Eq. (2-56), using dQ = |dA-Qqp| /D? with dA being the area-clement vector of the

scattering surface and D being the distance to the observer, we obtain

Ay
Fq W= (Q Q‘ob%) wm(Qobs) exp(—Ta),

Fq ™ A e Z / dp. f dQy f1(Be)n " 1h, (@)

47rD2

fi- Oops (2-57)

rSC ~ -~ ~ ~
5 (&-@)e(a,-2)

Fge — RQS‘

x (1= Bep’)

-1

d

S

X Kﬁa(Q — Qobs)

rSC

b

where we have assumed a small emission surface area A; on the NS surface — in general,
an integration over the whole NS surface can be performed. In Eq. (2-57), we have used
dA = f r2.dQ, where fi is the surface normal vector of the scattering surface. Note that

the final form of the first expression in Eq. (2-57) does not involve an integration over
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the scattering surface, since only photons emitted directly toward the observer without
scattering contribute to this term. Also note that, to simplify notation, the dot products
(ﬁs . flobs) and (ﬁv QY ) in Eq. (2-57) do not include GR effects. As mentioned before,

when substituting the incoming intensity I,

we must account for GR light bending

from the NS surface to the scattering layer. In this context, the dot products (ﬁs . f)obs>
and (SAZS O ) represent the effective projection of the emission area onto the incoming

direction Q' after light bending. Similarly, by mapping (SAZS . ﬁobs> back to the NS surface
using the method of [53], we can incorporate the GR light bending effect in Eq. (2-57).
After we obtain the fluxes 7 of each mode, the linear polarization degree can be

calculated as
79

A(w)= F2+F)

(2-58)

By analyzing the spectral dependence of the polarization degree, we can identify the

effects of resonant Compton scattering.

2.5 Summary

This chapter has presented the semi-analytical theoretical framework used to cal-
culate polarized soft X-ray radiation from magnetars, taking into account the effects of
QED vacuum resonance and magnetospheric resonant Compton scattering on the ob-
served spectropolarimetric signatures. We adopt a simplified parameterized description
for the magnetospheric model, represent the magnetar atmospheric radiation including
vacuum-resonance effects through an idealized initial input, treat general-relativistic light
bending during photon propagation from surface emission to RCS using high-accuracy
approximate mapping relations, and handle RCS radiative transfer based on the rela-
tivistic radiative transfer equation under the single-scattering approximation. The over-
all framework has high physical transparency and controllability, allowing the relative
strengths of different physical effects to be controlled by varying the model parameters

and thereby facilitating multidimensional parameter studies.
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3 Results of Simplified Fiducial Model

3.1 Polarized flux from simplified model

To identify how each ingredient in our semi-analytic treatment shapes the observ-
ables, we begin with a simplified model for preliminary analysis. Throughout this sec-
tion, we adopt a pure dipole field with a cold-plasma approximation, ignoring relativistic
effects. The electron number density follows Eq. (2-6), with the parameter § = ./,
controlling the electron density (see Eq. (2-6)) and hence the effective RCS strength (see
Eq. (2-38)), independently of the field geometry. Under these assumptions, the mode-

resolved optical depths can be calculated as ‘E&NR) = [ds neGéNR) and the flux can be
simplified to
A, Q QO . ~
gaa (NR,I) D—blg m(Qobi) exp ( (NR)) ’
dB|™"
g’a NRH) fdg K Ql
4 DQZ 0 BO‘ a)m ) dS (3_1)

rbc n‘QObS

(2.6)6(a.q).

r — RQ,

For our fiducial setup, we adopt magnetar parameters B, = 10'* G, R = 10 km, and
kT, = 0.6 keV, with the emission point located at (6;, ¢;) = (65°,30°) and the observer’s
viewing angle set to 8 = 25°. We compute the polarized fluxes and linear polarization
degree in the IXPE band (2-8 keV).

Figures 3-1 and 3-2 illustrate the impact of varying { on both the mode-resolved
spectra and polarization of the observed radiation. For weaker scattering with small §
(where the single-scattering approximation is valid), the initially dominant mode is at-
tenuated, while the subdominant mode gains power through scattering, reducing the O/X
spectral contrast. For stronger scattering with larger {, the total flux increases, since
the scattered-in term scales directly with electron density. As the density becomes too
high, our single-scattering approximation may overestimate the flux. In this regime, the
spectral shapes of the O- and X-modes become similar.

Figure 3-2 shows the corresponding linear polarization degree P (®) as a function
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Figure 3-1 The relative O-mode and X-mode flux spectra for different scattering strengths
compared to the unscattered case in the simplified setup with B, = 10% G, kT = 0.6 keV,
R =10 km, a hot spot at (6, ¢;) = (65°,30°), viewing angle 6 = 25°, and varying
{=&:/By=0.8,2.5,7.0 (see Egs. (2-6) and (2-33)).

of photon energy. As the RCS strength increases, P flattens, and it becomes positive for
all photon energies in the case of { = 7. Thus, the original mode-switching signature
may disappear in strong-scattering cases. As we will see later, incorporating special-
relativistic effects may erase the mode-switching signature more efficiently, even for
cases with low optical depths. This phenomenon will be discussed in more detail in
Sections 4 and 5.

Regarding the validity of our calculations, all the results above rely on the assump-
tion of single scattering, i.e., a small resonant optical depth. Our numerical checks con-
firm that the estimated optical depth (~ 0.1-1) from Section 2 is valid. Specifically, for
the geometry used above, we find 7 < 1 when { < 3.7, supporting the accuracy of the
single-scattering solution in this range. Notably, the disappearance of the mode switch in
our calculations occurs at § = 5.6, where the single-scattering approximation becomes
questionable.

For the scattering results in the high magnetospheric-density regime, or equivalently
at large optical depth, the contribution from the scattered-in term is proportional to n,
and may therefore be overestimated at high density, potentially leading to a violation of

energy conservation. A direct treatment is to introduce a factor such as exp(—Tgesc) t0
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Figure 3-2 The corresponding linear polarization degree P (®) as a function of energy for
different scattering strengths compared to the unscattered case in the simplified setup with
B, = 10'* G, kT = 0.6 keV, R = 10 km, a hot spot at (6;, ¢;) = (65°,30°), viewing angle § = 25°,
and varying { = & /By = 0.8,2.5,7.0 (see Egs. (2-6) and (2-38)).

suppress the scattered-in contribution again, where 7, .. denotes the optical depth experi-
enced by a photon after RCS as it propagates to infinity, and physically corresponds to the
contribution from higher-order terms (we do not include the effect of 7.y in Section 4).
For the present system, in the non-relativistic limit, all scattering occurs on the same geo-
metrical surface; if non-resonant scattering is neglected, one has Ty ;. = 0. To estimate a
lower bound on the ability of RCS to erase the mode-switching feature, we further define
a limiting-case flux calculated with Ty ¢oc = Tq:

NR.I ,
ga( ) :gg(NR I)

®,limit )

o (NRI) _ o (NR,]) (3-2)
g, =9 exp(—Ty)-

® limit

Figure 3-3 shows the limiting case for { = 7.0, where 7, .. = 0 and 7, are adopted
respectively as two limiting-case estimates for calculating the flux and polarization spec-
tra. As shown in the figure, after introducing a larger Ty csc, the flux in the limiting case

is substantially suppressed and therefore does not violate energy conservation. However,
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Figure 3-3 The relative O-mode and X-mode flux and polarization spectra for different flux
scenarios (Tq esc = 0 Or 7)) compared to the unscattered case in the simplified setup with
B, = 10'* G, kT = 0.6 keV, R = 10 km, a hot spot at (6;, ¢;) = (65°,30°), viewing angle 6 = 25°,
and § = &; /By = 7.0 (see Egs. (2-6) and (2-33)).

because the scattered-in contribution is also significantly weakened, the behavior origi-
nally indicated in the right panel, namely that RCS may erase the mode-switching feature,
becomes less evident. In a more realistic situation, the scattered-in contribution should
be substantially larger than in this limiting case; nevertheless, the behavior of the polar-
ization degree remains clearly uncertain in the strong-RCS regime. This is precisely why
the applicability of the single-scattering approximation at high optical depth was noted
above as being “questionable” (for the discussion on the validity of the single-scattering
approximation, see Section 4.1).

It is worth noting that in the subsequent full-model study, once relativistic effects are
included, RCS can still robustly produce the disappearance of the mode-switching behav-
ior even in cases that generally satisfy 7 < 0.4. This indicates that the richer behavior of
magnetar soft X-ray polarization spectra is produced not only by RCS itself, but also by

relativistic effects.

3.2 Summary

In this chapter, we construct a simplified magnetar model in the non-relativistic and
cold-plasma limits and calculate the polarization spectra of the corresponding observed
X-ray signal. By examining this simplified model, we preliminarily identify the main
physical effects of RCS and obtain an intuitive understanding of the theoretical validity

boundary of the semi-analytical model.
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4 Full Model: Parameter Study

In this section, we adopt the full model setup, including both the thermal veloc-
ity distribution of magnetospheric electrons and special- and general-relativistic effects.
When the electron velocities are thermal about a mean drift, the resonance condition
o = wp(r, U, B,) no longer selects a single geometric surface but broadens into a thin re-
gion centered around the drift-defined resonant surface, with thickness set by the velocity
distribution.

To include the GR effects, we fix the compactness of the NS at

2GM
= Re2 =0.3, 4-1)

and the other NS parameters are held consistent with the previous section. Since all
photons experience nearly the same redshift from emission to scattering in our geome-
tries, GR mainly introduces a common rescaling in the intensity and energy. Therefore,
we interpret the surface temperature k7; as the effective blackbody temperature of X-ray
emission just before scattering, the same as in Section 3.

Under the current model, the scattering is controlled by the parameter set:
{517ﬁ07knvk7}767M}‘ (4'2)

In the survey below, we fix kT, E,4, and M, and vary (&, By, kT,,0), while all other
parameters are the same as in Section 3.

Compared with the simplified model in the previous chapter, an important difference
in the full model is that, after including the thermal velocity distribution of the plasma
and relativistic effects, parameter variations no longer enter the results only by changing
the density and hence the scattering strength. Instead, they also affect the scattering
location, Doppler shift, efficiency of mode redistribution, and projection of the viewing
geometry. Therefore, when interpreting the parameter study below, we focus mainly on
two diagnostic quantities: first, the changes in the mode-resolved fluxes relative to the
unscattered case, and second, the deviation of the linear polarization degree from the

initial vacuum-resonance signal.
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4.1 Optical-depth dependence

Before analyzing the spectra and polarization, it is useful to delineate under what
conditions the single-scattering solution is valid. The resonant optical depth 7, (for mode
o) is primarily controlled by (&;, o), which set the electron density and beaming.

Figure 4-1 presents the heatmap of the characteristic optical depth 7, (see
Eq. (2-38)), calculated at k7, = 10 keV and 6 = 35°, as functions of &; and f,.
The 7p = 1 contour marks the single-scattering boundary; the 7, = 0.4 contour cor-
responds to < 10% error for a first-order expansion of exp(—7). As expected, larger
& and smaller B, yield higher 7, due to the increased particle density. Physically,
this optical-depth map first delineates the regime of applicability for the results in this
chapter: for parameter combinations with T < 1, the single-scattering approximation
may be regarded as approximately valid; for parameter combinations with 7 < 0.4, the
single-scattering solution is expected to be reasonably reliable.

In addition, the optical-depth map also provides a useful reference for interpreting
the results in the subsequent parameter study: for instance, if a certain behavior is ob-
served in the regime T < 0.4, it can be confidently attributed to single-scattering effects;
if it is observed in the regime 7 2 1, it should not be regarded as a strict quantitative
prediction of single scattering.

We adopt 7, = 0.4 as a relatively conservative reference line because the single-
scattering solution in this work is essentially a low-optical-depth expansion of the atten-

uation term and the scattering source term. Taking the attenuation factor as an example,

2

exp(—7) = 1 - T+ 5 +O(¢), 4-3)

the neglected second-order term is of order 72/2. When 7 = 0.4, this term is approxi-
mately 0.08 < 10%, and can therefore serve as an empirical boundary below which the
first-order results remain reasonably reliable. Once T exceeds ~ 1, multiple scattering,
mode energy redistribution, and photon escape probability all become important. In that
regime, the results in this chapter can still be used to assess qualitative trends, but should
not be interpreted as strict quantitative predictions.

Using the twist parametrization defined in Eq. (2-5), the total pole-to-pole twist
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Figure 4-1 Heatmap of the characteristic resonant optical depth in the full model. The
parameters are: B, = 10 G, R = 10 km, kT, = 10 keV, kT, = 0.6 keV, a hot spot at
(65,05) = (53°,37°), and viewing angle 6 = 35°. Contours for 7, = 1 and 7, = 0.4 delineate the
validity regime of the single-scattering/first-order approximation.

angle is approximately .
Ap= [ —2_db~nm 4-4

so the ranges adopted in previous Monte Carlo studies (e.g., Nobili et al. 34, Ferndndez

et al. 11) fall largely within the 7y < 1 regime in Figure 4-1.

4.2 Spectra and polarization

We survey four key parameters: the viewing angle 0, the magnetic twist &;, the
mean drift speed of electrons f3y, and the plasma temperature k7,. The observed flux is
computed as a multidimensional integral over the emission direction, scattering geometry,
and electron velocity. Given the smoothness of the integration kernel, we evaluate the
integral via Monte Carlo quadrature with 10® samples per configuration. This choice
introduces small statistical fluctuations, or “noise”, in the results, but enables significantly
improved computational speed and numerical stability, resulting in a relative numerical
uncertainty below 0.5%.

The following four sets of parameters do not control the results in mutually inde-
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pendent ways, but instead highlight different physical effects: 6 mainly changes the
magnetic-field direction seen by the observer and the projection of the hot spot; &; mainly
regulates the magnetospheric current and scattering optical depth; By simultaneously con-
trols the electron density and the relativistic Doppler effect; and k7, sets the width of the
electron velocity distribution. In other words, the parameter study in this section is not
merely a numerical survey, but is designed to separate, one by one, the roles of geometric

effects, density effects, bulk drift, and thermal broadening.

Viewing geometry. Figures 4-2 and 4-3 present the flux and polarization spectra for
various viewing angles. For this plot, we consider a single hot spot located at the equator
(6;,0;) = (90°,37°) to highlight the north—south asymmetries [see 34]. Notably, pairs
of LOS angles symmetric about the equator (e.g., 37° and 143°) yield markedly different
flux and polarization spectra, demonstrating the impact of Doppler shifts caused by large-
scale net currents flowing from magnetic north to south. Importantly, the polarization
curves retain the qualitative behavior previously seen in Section 3: RCS may suppress
or erase the intrinsic mode-conversion feature that would otherwise appear in the emis-
sion. For instance, the curve corresponding to 6 = 37° shows sign flips in polarization
degree, whereas for other angles P remains positive across the energy band. We verify
that in this parameter setting, the optical depth 7,(0) remains well below unity (typically
< 0.15), indicating that even single scattering events can significantly modify the polar-
ization signature, despite the overall low scattering probability. This is not expected in
the simplified-model study in Section 3.

This north—south asymmetry is one of the most important new features of the full
model relative to the simplified model in Section 3. In the cold-plasma, non-relativistic
approximation, symmetric lines of sight usually change only the projected area and path
length. However, when the electrons have a mean drift velocity, the Doppler factor in the

resonance condition breaks this simple symmetry. The relevant factor can be written as

1

(= B)’ wp =D W, (4-5)

D(Be, ) =

where u = Q- B. For a hot spot located near the magnetic equator, even if photons

from the northern and southern directions have the same u relative to the electron drift

38



ARG PN A= X ATD'S Chapter Four Full Model

X-mode

-------- —_ 9=37°

107

1072

Flux
Flux

10724

1073

2 3 4 5 6 7 8 2 3 4 5 6 7 8
Energy [keV] Energy [keV]

Figure 4-2 Flux spectra for different viewing angles in the full model. The parameters are:
B, =10 G, R = 10 km, kT, = 10 keV, kT, = 0.6 keV, &; = 0.2, By = 0.5, and a hot spot at
(65, 95) = (90°,37°). Results are shown for the viewing angles 6 = 37°,68°,112°,143°.

direction, a nonzero directed electron drift velocity still changes the effective resonant
radius, the scattering cross-section weights, and the rescaling of the radiation intensity.
Therefore, the results for & and © — 0 are no longer equivalent. In other words, the
viewing angle is not only a geometrical parameter, but also also a factor that participates

in determining the dynamical efficiency of RCS through the Doppler factor.

Magnetic twist. Figures 4-4 and 4-5 explore how varying the magnetic twist &; affects
the resulting flux and polarization spectra. The twist primarily modulates the plasma
density and hence the scattering strength. As &; increases, the flux spectra show progres-
sively larger deviations from the unscattered case, exhibiting the “spectral smoothing”
noted in Section 3. However, relativistic effects become more prominent in the polariza-
tion spectra, especially at higher photon energies. Compared to the non-relativistic case,
special-relativistic effects cause the polarization degree to rise again at higher energies.
In some cases, the polarization curve crosses zero twice within the IXPE band, indicating
the possibility of multiple 90° PA swings (this is also seen in a pure QED scenario; see
Lai 26 and Kelly et al. 27). For sufficiently large &, polarization remains strictly positive,

and mode switching disappears.
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Figure 4-3 Polarization spectra for different viewing angles in the full model. The parameters
are: B, = 10'* G, R = 10 km, kT, = 10 keV, kT, = 0.6 keV, &; = 0.2, fp = 0.5, and a hot spot at
(65, ¢5) = (90°,37°). Results are shown for the viewing angles 6 = 37°,68°,112°,143°.

The results for the magnetic-twist parameter can be understood on two levels. First,
increasing & is equivalent to strengthening the magnetospheric current, thereby increas-
ing the electron number density participating in RCS and enhancing the weight of the
scattered-in term relative to the direct attenuation term. Second, the twisted magnetic
field also changes the local magnetic-field direction, and therefore changes the angular
distributions of Q' - B and Q . B, as well as the scattering matrix elements between polar-
ization modes. Thus, &; is not merely a parameter that regulates the optical depth; it also
changes the scattering geometry.

To describe more clearly the dominant polarization-mode transition in the figures,

the mode-switching energy can be defined by the zero point of A :
P.(Eyw) =0, Ny =#{E € [2,8] keV : PL(E) = 0}. (4-6)

Here N, denotes the number of times that the polarization curve crosses zero within the
IXPE band. The unscattered or weakly scattered cases usually correspond to one mode
switch induced by vacuum resonance. At intermediate &;, however, RCS and relativistic

effects may introduce an additional zero crossing. When &; increases further, the X-
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Figure 4-4 Flux spectra for different magnetospheric twist parameters in the full model. The

parameters are: B, = 10" G, R = 10 km, k7, = 10 keV, kT, = 0.6 keV, 6 = 35°, Bo=0.5,and a

hot spot at (6, ¢;) = (53°,37°). Results are shown for magnetic twist &, = 0.3,0.8, 1.6, and are
compared with the unscattered case.

mode is continuously replenished and P, is lifted as a whole, causing all zero crossings to
disappear instead. This behavior, in which an additional zero appears and then disappears,

is one of the richer results exhibited by the full model relative to the simplified version.

Electron drift velocity. Figures 4-6 and 4-7 show the impact of changing the average
drift velocity B, on the flux and polarization spectra. Like &;, the parameter 8, influences
both the plasma density and the strength of SR beaming. While its effects on the flux
spectrum resemble those of increasing &, the behavior of the polarization curves offers
further diagnostic insight. Decreasing f, increases the particle density and weakens SR
beaming, suppressing P at low energies and flattening its high-energy tail that was ini-
tially raised by SR; this is consistent with the non-relativistic trend discussed in Section 3.
However, in terms of the first zero-crossing energy—the location where the initial 90° PA
swing occurs—the effect of varying f is subtler than that of &;. The transition slopes
remain similar, indicating that B, mainly sets the vertical offset (baseline) of B, while it

plays a secondary role in determining the slope that shapes the crossing location. >

2A dynamic analogy may be helpful: imagine the polarization curve as a catenary suspended between
a high left platform and a vertical wall on the right. Increasing relativistic effect raises the right anchor,
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Figure 4-5 Polarization spectra for different magnetospheric twist parameters in the full
model. The parameters are: B, = 10'* G, R = 10 km, k7, = 10 keV, kT; = 0.6 keV, 6 = 35°,
PBo = 0.5, and a hot spot at (0, ¢,) = (53°,37°). Results are shown for magnetic twist
£:=0.3,0.8,1.6, and are compared with the unscattered case.

The physical role of B, is more complex than that of &;, because it enters both the
electron number density and the relativistic transformations. On the one hand, n, «< 3,
indicates that a smaller drift velocity corresponds to a higher charge density and a larger
scattering probability. On the other hand, a larger 3y strengthens Doppler beaming and
makes the redistribution of scattered photons in energy and direction more prominent.
Therefore, variations in By do not always correspond one-to-one to stronger or weaker
scattering. In the low-f, regime, the density effect dominates and mainly appears as an
overall suppression of the polarization degree. In the high-f, regime, relativistic effects
dominate and mainly appear as a rise of A at the high-energy end and a change in the
slope of the curve. This also shows that the influence of ) on the polarization spectrum
is more diagnostically useful than its influence on the total flux.

Together, these two main control parameters, &; and fy, determine how RCS re-
shapes polarization spectra mainly through changing magnetospheric density and special-
relativistic effects. Two principal effects emerge: (i) a reduction in both the absolute value

and spectral variation of the polarization degree; and (ii) a high-energy rise of P_ driven

steepening the tail of the curve while leaving its middle largely unchanged.
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Figure 4-6 Flux spectra for different mean electron drift velocities in the full model. The
parameters are: B, = 10" G, R = 10 km, kT, = 10 keV, kT, = 0.6 keV, 6 = 35°, £ =0.5,and a

hot spot at (6;,¢;) = (53°,37°)
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Figure 4-7 Polarization spectra for different mean electron drift velocities in the full model.

The parameters are: B, = 1014
a hot spot at (6;, ¢;) = (53°,37°

G,R=10km, kT, = 10 keV, kT; = 0.6 keV, 6 = 35°, £, = 0.5, and
). Results are shown for y = 0.2,0.5,0.8, and are compared with
the unscattered case.
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Figure 4-8 Flux spectra for different magnetospheric plasma temperatures in the full model.
The parameters are: B, = 10'* G, R = 10 km, kT, = 0.6 keV, 6 = 35°, £, = 0.8, fp = 0.5, and a
hot spot at (6;,¢;) = (53°,37°). Results are shown for k7, = 30,100,200 keV, and are compared
with the unscattered and single-velocity cases.
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Figure 4-9 Polarization spectra for different magnetospheric plasma temperatures in the full
model. The parameters are: B, = 10!* G, R = 10 km, kT, = 0.6 keV, 6 = 35°, &, = 0.8, fy = 0.5,
and a hot spot at (6;, ¢;) = (53°,37°). Results are shown for k7, = 30,100,200 keV, and are
compared with the unscattered and single-velocity cases.
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by SR mode redistribution. Even in the single-scattering regime, RCS may erase the
mode-switch feature that is originally present in the emission. To understand this trend,

consider the polarized RCS cross sections in the ERF (see Eq. (2-31)):

1 2,2 N2
G = =012 = 2 50— p) (2B,
3 2m,c
5 5 4-7)
0, » =30 :3ne5(w—a))
2-2 2—1 2mec B)-

These expressions represent the relative probabilities for photons to scatter between spe-
cific initial and final polarization states. Notably, regardless of the initial state, scattering
tends to populate the X-mode (the polarization index & = 2) more efficiently. Since the
original emission is X-dominated at low energies, RCS has a limited effect there, whereas
at higher energies (O-dominated) RCS transfers power to the X-mode, producing the
characteristic high-energy rise of P_. The electron density mainly rescales P, while the
SR effects modulate its slope, particularly in the high-energy tail. Together, they reshape
the polarization distribution and influence the energy at which mode switches occur.
This point also explains why variations in the total flux are sometimes less pro-
nounced than those in the polarization degree. The total flux depends on the sum of
the two modes, &' 4+ 72, whereas the polarization degree depends on their difference,
F? — F!. If RCS mainly redistributes photons between the two polarization modes with-
out substantially changing the total photon number, then the total flux spectrum may show
no significant change, while P can still vary appreciably. Observationally, this means that
even if RCS has only a weak effect on the total spectrum in the 2—8 keV band, it may still
leave a clear signature through the energy-dependent variation of the linear polarization
degree, the presence or absence of a 90° polarization-angle swing, and the slope of the

high-energy polarization degree.

Thermal broadening. Finally, Figures 4-8 and 4-9 examine the role of plasma tem-
perature k7, in shaping the flux and polarization spectra. For visibility, the flux panels
are vertically rescaled. Compared to the single-velocity case, thermal motion induces
only modest changes. Unlike f;, which parameterizes the bulk drift, increasing k7, only

broadens the velocity distribution around f3y. This tends to average out the variation in
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Doppler effects over electron speeds, resulting in behavior that closely resembles the
single-velocity case at the same f3). This is consistent with previous findings by Nobili
et al. [34].

From the computational expression, the role of temperature is mainly reflected in

averaging the scattering kernel over different electron velocities:

(Keghy, = | 51 (BetBo T Kap (B) 9B @8)

As kT, increases, fi broadens, and the Doppler factors and resonant locations correspond-
ing to different B, are averaged over, so sharp velocity-dependent structures are smoothed
out. However, as long as the velocity distribution remains centered around the same bulk
drift velocity By, the averaged result usually does not deviate significantly from the single-
velocity case. This indicates that, within the present parameter range, the first-order factor
controlling the shape of the polarization spectrum is the mean drift velocity rather than the

thermal velocity dispersion; temperature acts more as a higher-order smoothing effect.

Power-law-like component and the production of non-thermal spectra. According
to Nobili et al. [34, 44] and subsequent full Monte Carlo radiative-transfer studies of the
total X-ray radiation spectrum, when magnetar soft X-ray emission is fitted with the em-
pirical “blackbody + power-law” (“BB+PL”) spectral model, seed blackbody radiation
can produce an approximately power-law non-thermal spectral component through mul-
tiple RCS. It should be noted that the single-scattering semi-analytical model in this work
can partially demonstrate the hardening effect of RCS on the seed blackbody spectrum,
and can produce a relatively significant approximately power-law component in a global
effective spectral fit. The scattered spectrum also forms a hard-photon excess at high
energies, but it cannot produce a genuine power-law continuum across the entire X-ray
band.

Following the empirical XSPEC fitting procedure [60, 61], the global “BB+PL”
spectral fit to magnetar radiation can be written as

_ Tyt E2

N(E) I =MNgp(E) + 1MpL(E) = App exp(E/KT) —1 + Ap E e (4-9)
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where 11(E) = dN(E)/dE denotes the photon number spectral density at the correspond-
ing energy, and [ is the global effective photon index fitted over the entire IXPE band.
For spectra with a local approximately power-law hard-photon excess, this index is usu-
ally in the range 2—4. After obtaining the two globally fitted spectral components, the
fraction of either the blackbody or the power-law component in the total observed spec-

trum can be defined as
wi(E) =1L(E)/(Mep(E) + NpL(E)), (4-10)

To assess the reliability of the power-law spectral component, one can use the globally
fitted 7lgp pr. to study the behavior of the photon index of the power-law component across

the IXPE band. The photon index of the locally fitted spectrum can be written as

() = — i %Z”*’L(E W s (E)Cus(E) + wo (Yo (E),  (4-11)

where the local photon index contributed by the blackbody spectrum is

E/kT

Vo (E) = =2 1 o EJAT)

(4-12)

After substituting the above expression and solving for I'p;, one can examine its behavior
over the entire IXPE band and determine whether it corresponds to a genuine approx-
imately power-law distribution. If the resulting I'p lies in the range 2—4 and remains
approximately constant, then the semi-analytical model in this work can be regarded as
predicting that seed blackbody radiation produces an approximately power-law spectral
component through RCS.

Figure 4-10 shows a typical flux-fitting result calculated from the semi-analytical
model. The final spectrum can be fitted well by a global photon index corresponding to
[egr >~ 3.0, consistent with the empirical range I' ~ 2—4. At the same time, the fraction
of the PL component increases from 0.2 at low energies to 0.8 at high energies, indicat-
ing that RCS can indeed produce an approximately power-law spectral shape in the soft
X-ray radiation spectrum and allow this component to become increasingly dominant at

high energies, reflecting the partial hardening of the thermal photon spectrum through
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Figure 4-10 Total spectrum fit and photon index for the calculated typical total observed flux
in the full model. The parameters are: B, = 10" G, R = 10 km, kT, = 0.6 keV, 6 = 35°, £ =0.8,
Bo = 0.5, and a hot spot at (6, ¢;) = (53°,37°). The upper panels show the fitting result for
photon number and energy flux with “BB+PL” spectra. The lower left panel shows the
fractions of the BB-like and PL-like components in the observed flux as functions of energy.
The lower right panel shows the local energy-dependent photon index from Eqs. (4-11)
and (4-12) as a function of energy (green line), compared with the global fixed effective photon
index (blue dashed line), indicating the strong energy dependence of the local photon index

fitted from the observed flux.
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Doppler shifts. However, the overall fitting result is still insufficient to directly conclude
that RCS efficiently produces a PL tail. As shown in the lower-right panel of Figure 4-
10, for a true power-law component, the locally fitted I'p. should remain approximately
constant across the IXPE band. In contrast, the figure shows that I'},. fluctuates signif-
icantly relative to I'.s, indicating that the residual component obtained after subtracting
the blackbody radiation from the total spectrum can only qualitatively display part of the
approximately power-law behavior after Comptonization. Although the high-energy PL
component gradually becomes dominant, the overly large and strongly varying local pho-
ton index is still insufficient to robustly support the conclusion that the single-scattering

semi-analytical RCS model in this work can produce a power-law tail.

4.3 Main conclusion

The parameter study of the full model in this chapter shows that the soft X-ray
polarization spectra of magnetars are highly sensitive to the physical parameters of the
magnetosphere. Compared with the simplified model in the previous chapter, relativistic
effects in the full model allow even single RCS events at low optical depth, with 7 < 1,
to significantly change the shape of P (E). This indicates that erasing or reshaping the
mode-switching feature induced by QED vacuum resonance does not necessarily require
high-optical-depth multiple scattering; a low-optical-depth magnetosphere with signifi-
cant bulk drift can also produce observable effects.

Specifically, the viewing angle 6 controls the geometric projection and Doppler-
induced north—south asymmetry, and is the main factor determining the differences
among polarization spectra for different lines of sight. The magnetic twist & mainly
strengthens RCS by increasing the current density, but it also changes the local magnetic-
field geometry. The mean drift velocity B, simultaneously reduces the charge density
and enhances the relativistic Doppler effect, and is therefore especially important for the
high-energy slope of the polarization curve. The electron temperature k7, mainly leads
to velocity-distribution averaging and has a relatively weak influence on the polarization
spectra within the present parameter range. Overall, &; and ) are the two most important
magnetospheric parameters: the former mainly controls the scattering strength, while

the latter mainly controls relativistic redistribution. According to the XSPEC fitting
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results for a typical spectrum, the full single-scattering semi-analytical RCS model in
this work can partially match the empirical “blackbody plus power-law” spectral form
and yield a global effective photon index I'.¢ consistent with empirical values. However,
by fitting the energy-dependent local photon index and examining its behavior, one still
cannot conclude that this model robustly produces an ideal approximately power-law
high-energy tail.

From an observational perspective, the most important result of this chapter is that
RCS can suppress the energy dependence of the polarization degree, change the energy
location of the 90° polarization-angle swing, and even cause the mode switch origi-
nally produced by vacuum resonance to disappear or generate additional mode switches.
Therefore, if future observations detect an energy-dependent rotation of the magnetar po-
larization angle, it should not be attributed directly and simply to pure atmospheric QED
vacuum resonance. Conversely, if no clear rotation is observed, the vacuum-resonance
effect should not be ruled out immediately, because significant magnetospheric RCS may

already have modified the original signal.

4.4 Research outlook

The results in this chapter are still based on several simplifying assumptions. First,
we adopt a single hot spot as the radiation source, which helps isolate geometric effects,
but the surface of a real magnetar may contain multiple hot regions or emit approximately
over the whole surface. Phase superposition from multiple emitting regions can average
out part of the geometric differences and may also change the zero-crossing structure
of P.. Second, we still adopt an idealized treatment of the surface radiation induced by
vacuum resonance in the magnetar atmosphere, whereas a more complete physical model
requires a detailed description of the atmospheric radiation spectrum. Finally, we use
a first-order single-scattering approximation, which is therefore suitable for describing
the low-optical-depth regime. For strongly twisted magnetospheres with T 2> 1, multiple
scattering and energy redistribution must be included to obtain more reliable energy and
polarization spectra.

Future work can proceed in four directions. First, the present single-hot-spot model

can be extended to whole-surface or multi-temperature-zone emission models, allowing
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phase-resolved polarization that varies with the rotational phase to be calculated. Second,
a complete atmospheric model including QED effects can be used to describe magnetar
surface atmospheric radiation. Third, iterative or Monte Carlo methods can be used to
treat high-optical-depth RCS and to test whether the low-optical-depth trends found in
this chapter extend into the strong-scattering regime. Fourth, the model results can be
combined with existing IXPE observations and simulated observations from future mis-
sions such as eXTP to jointly constrain &;, By, kT,, and the hot-spot geometry. Through
these extensions, the semi-analytical physical picture developed in this work can be fur-
ther transformed into a magnetar polarization model that can be used directly for data

interpretation.
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S Summary and Further Discussion

In this work, we have developed a unified and analytically tractable framework to ap-
proximate how resonant Compton scattering in the magnetosphere and QED vacuum res-
onance in the atmosphere jointly shape the X-ray spectra and polarization observed from
magnetars. Starting from the polarized radiative transfer equation (2-46) with scattering,
we adopt a first-order approximation in optical depth (see Egs. (2-47), (2-48), and (2-51)),
which effectively captures single scattering events, to compute the observed polarization
fluxes (Egs. (2-56)—(2-58)). For a concrete baseline, we adopt an idealized initial surface
emission polarization pattern that mimics vacuum-resonant conversion—100% X-mode
below 4 keV and 100% O-mode above, with a smooth transition in between (see [26])—
and then quantify how RCS in the magnetosphere reshapes the observable polarization

signatures. Our key findings are as follows:

1. Increasing the plasma density in the magnetosphere leads to an overall suppression
of both the absolute value and spectral variation of polarization degree P . In other
words, RCS acts to compress the polarization curve toward a horizontal line located

above zero, diminishing the polarization contrast (see Figs. 3-2 and 4-5).

2. Increasing the average electron drift velocity enhances the SR effects, which tend
to raise P in the high-energy tail and steepen its slope. In some cases, an extra
mode switch (i.e., sign change in P, implying a 90° PA swing) induced by RCS

may occur (see Figure 4-7).

3. The energy of the first mode switch is only weakly shifted by RCS in the parameter
ranges explored here; the zero-crossing location remains largely tied to the stellar

surface physics set by vacuum resonance.

4. In the strong RCS regime, the combined effects of increased plasma density and
enhanced SR effects may entirely erase the signature of mode switch within the
observed bandpass (2-8 ke V), even when the QED-induced conversion is present in
the initial emission. This is consistent with the mode-redistribution trend expected

from the resonant cross sections (see Eq. (4-7)).
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However, these conclusions should be interpreted in light of several simplifying as-
sumptions:

(i) Our magnetospheric configuration is prescribed rather than dynamically self-
consistent. As discussed in Section 2, the field and current systems are parameterized
and do not enforce full force-free equilibrium. The actual magnetosphere is likely to be
partly twisted rather than globally twisted, and the prescribed thermal velocity distribu-
tion in the magnetosphere may not capture some intrinsic physical effects [e.g., 33, who
considered a power-law distribution of relativistic momentum]. In addition, the electron
density prescription applied in this work might underestimate the RCS optical depth of the
magnetosphere. According to studies of electron—positron pair density in the magneto-
sphere through kinetic modeling, the pair multiplicities can be moderately high [40-43],
i.e., the total density n.- +n,- = 30n,. If such high ¢* multiplicities apply in real mag-
netars, the single-scattering approximation may also be questionable in the full model
setup.

(i) Our sample results consider emission from a single surface patch. Radiation
from the whole NS surface can be easily included in our formalism and will likely average
out some geometric contrasts.

(iii) Our transport solution is only of first order in optical depth. Fully capturing the
energy-dependent behavior (e.g., the power-law high-energy tail and Comptonization)
and energy/polarization redistribution at high RCS optical depth requires higher-order
solutions via iterative scattering treatments [e.g., for 1D iterative scattering, see 32].

(iv) Our adopted surface polarization pattern is idealized; a more realistic treatment
would require detailed modeling of the NS surface and atmosphere.

Despite these limitations, the semi-analytic nature of our method offers a major com-
putational advantage and physical transparency. It allows us to extract the main physical
trends without the computational cost or complexity of full Monte Carlo simulations and
reveals intuitive connections between model inputs and observable outcomes.

Looking ahead, two immediate extensions are natural. First, to better capture
viewing-angle-dependent effects, full-surface integration should be implemented, which
would remove projection biases from small-area sources and allow more realistic model-

ing of observation profiles. In our formalism, this only requires treating the coordinates
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of the surface emission point as integration variables over solid angle. Second, including
stellar rotation would allow phase-resolved predictions when the magnetic and spin
axes are misaligned. In our framework, this is equivalent to a rotation of the LOS
direction vector and tracking how the polarization signal evolves with phase, enabling
the calculation of phase-resolved light curves and phase-averaged polarization profiles.
These developments, together with higher-order scattering, will help connect magnetar
surface and magnetosphere models with observations. Upcoming X-ray polarization
missions, such as eXTP [62, 63], will have greatly enhanced polarization sensitivity and
an extended energy band, providing simultaneous spectral, timing, and polarization data,

thereby enriching the magnetar polarization sample for further studies.
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